We apply geometrical, Laplacian, and caustic imaging theories to simulate the mirror electron microscope (MEM) contrast arising from a surface phase boundary associated with a discontinuity in work function. The key approximations inherent in the theories are highlighted and investigated within strong and weak scattering regimes from the work-function test object. For strongly varying potentials, the approximation that the electron classical turning distance is unchanged fails, invalidating the quantitative accuracy of the geometrical and Laplacian approaches. For sufficiently small defocus and surface height or potential variations, the Laplacian approach facilitates an intuitive interpretation of MEM contrast.
Introduction
Mirror electron microscopy (MEM) is a well-known technique whereby an electron beam is incident on a specimen, which is at a slightly more negative potential than the electron source. Therefore, the beam turns around just above the specimen surface and interacts with the electric field above the specimen. MEM is sensitive to spatial and temporal variations in the electric field close to the surface, which result from the surface topography [1] [2] [3] or variations in the electric potential of the specimen, including surface charges, varying conductivity, and contact potentials [4] [5] [6] [7] [8] . It has been used to study electric field contrast [6, 7, [9] [10] [11] [12] , surface magnetic fields [5] , and chemical processes at solid surfaces [8, 13] . MEM is a well-established technique that has recently undergone a resurgence, as it is well suited to the recovery of 3-D information and the study of structures that extend hundreds of nanometers from the specimen surface, for example, droplet surface dynamics [14] [15] [16] .
A number of approaches have been taken to understand and interpret MEM image contrast in order to extract information on the electric field and the underlying surface properties creating it. While some methods apply wave mechanics [17, 18] , most treatments have been based on geometrical ray-tracing techniques [4, [6] [7] [8] [19] [20] [21] [22] [23] [24] . In particular, a geometrical imaging theory has been developed [2, 19, 25, 26] that views MEM contrast as a transverse redistribution of electron current density on an imaging screen. The key assumption of the theory is that the motion of the electron beam along the optical axis, i.e., z, is unchanged by the specimen surface variations. Recently, a Laplacian imaging theory has been developed from the geometrical imaging theory, which applies in the limit of small surface variations and small objective lens defocus Áf [27, 28] . Under these conditions, MEM image contrast is approximately proportional to the transverse Laplacian or curvature of surface height or potential variations blurred slightly to account for the interaction of the electron beam with the field above the surface. Therefore, it provides an intuitive means of interpreting MEM images and may be used to quantitatively recover surface topography where the relevant approximations are applicable [27, 28] .
A caustic imaging theory for MEM has been recently developed to treat situations in which the assumptions of the Laplacian imaging theory are not valid [29] . This more general treatment involves tracing a family of electron ray paths through the electric field above the specimen and considering their apparent positions on a virtual imaging plane. Where initially adjacent electron rays cross in the vicinity of the imaging plane, envelopes of ray families known as caustics are created. Caustics lead to very bright features in MEM images, analogous to the bright lines that are formed on the floor of an outdoor swimming pool on a sunny day. As demonstrated in [29] , MEM caustics can be used to recover quantitative information on surface topography, for example, the contact angle of a Ga droplet on a GaAs surface. While the caustic imaging theory is more broadly applicable than the Laplacian imaging theory, the latter method facilitates a more intuitive interpretation of MEM contrast for small surface variations.
Here, we consider MEM imaging of a test object consisting of a flat surface with two regions of different work functions that meet at a sharp boundary. This might, for example, correspond to a boundary between phases of differing work functions. Image simulations are used to make a quantitative comparison between geometrical, Laplacian, and caustic imaging theories of MEM work-function contrast.
Imaging theories of MEM contrast
Experimental geometry A schematic of a typical MEM experimental setup is shown in Figure 1 . An electron beam of energy U passes through anode aperture A of the objective lens. The specimen acts as cathode C of the objective lens and is held at an average voltage of V G À U =e G 0, where Àe is the electronic charge. Thus, the electron beam turns around above the specimen at a distance
where L is the distance between the anode and the cathode. The electric field variations above the specimen surface, due to the variation in the topography or potential of the surface, will deflect the electron trajectories in the vicinity of the turnaround region. The returning electron beam, after exiting anode aperture A, passes through the system, and an image is formed of the electron distribution on the virtual image plane at z ¼ Áf þ 4L M =3 with objective lens defocus Áf , as shown in Figure 1 , with
Geometrical imaging theory
The geometrical imaging theory of MEM contrast [2, 19, 25, 26] describes the image formation as the redistribution of electron positions on the virtual image plane due to the presence of electric field variations above the specimen. Here, we consider a perfectly flat surface with the surface potential varying in one transverse dimension by ÁV ðxÞ from the potential V of the rest of the surface. In this case, and for parallel illumination of the surface (see Figure 1 ), the redistribution of electron position is governed by [27, 28] 
where Á e V B ðx; ; Áf Þ is the normalized blurred surface potential variation with units of square meters; represents convolution in x; and the blurring function B in one dimension is given by [26] [27] [28] 
The key assumption of this methodology is that the z motion of the electron (see Figure 1) is unchanged by the electric field variations, so that only transverse variations contribute to the image contrast in MEM [27, 28] . In particular, this assumes that the electron classical turning distance L M is unchanged, so that the transverse deflection of the electron is obtained via the first derivative of the electric potential above the specimen surface ðx; zÞ. For the z-motion assumption to be valid, we therefore require that the difference between
M is the maximum departure in turning distance away from L M , and @ x ¼ @=@x. Assuming that this difference is no larger than a fraction of the derivative of the potential, we then have
where max x gðxÞ denotes the maximum value of gðxÞ over the range of points x. We trace the exiting electron trajectories back along their apparent straight-line paths (dashed lines) to the virtual image plane at
, which is the object plane for the magnetic objective lens. The left side of the figure, which is separated by double vertical gray lines, is on a much larger scale than the right. Adapted from [28] .
The intensity of the MEM image for the system shown in Figure 1 is given by [26] [27] [28] 
where the transverse x derivatives are @ x ¼ @=@x and @ 2 x ¼ @ 2 =@x 2 , and I 0 ðxÞ is the unperturbed intensity distribution on the surface corresponding to ÁV ¼ 0 and is typically taken as unity.
Laplacian imaging theory
The Laplacian imaging theory [27, 28] is an approximation to the geometrical theory [see (5)], recovering an intuitive expression for MEM image contrast in terms of the specimen surface height and/or potential variations and the objective lens defocus. To be valid, the Laplacian imaging theory requires that the derivatives of the normalized blurred surface potential variations are small, that is,
and that the objective lens defocus is sufficiently small to satisfy the inequality
Provided (6) and (7) are satisfied, we may approximate (5) as [27, 28] 
with I 0 ðxÞ ¼ 1. The MEM image contrast under the Laplacian imaging theory is therefore approximately proportional to the objective lens defocus and the second derivative of the surface potential variations, blurred with function B. Note that the Laplacian imaging theory makes the same assumption of unchanged z motion of the electron beam as the geometrical imaging theory [see (4)]. We note that (8) is very similar to the expression for out-of-focus contrast in transmission electron microscopy of thin specimens [30] [31] [32] . Equation (8) predicts zero contrast at the defocus Áf ¼ 0, so that nonzero objective lens defocus is required to produce image contrast. To produce a sufficiently large contrast of ÁI ¼ I À 1, the minimum required defocus is given by
Equations (7) and (9) therefore give the upper and lower limits of the suitable defocus range for the Laplacian imaging theory, respectively.
Caustic imaging theory
Unlike the geometrical and Laplacian imaging theories, the caustic imaging theory [29] does not assume that the z motion of the electron beam is unaffected by the electric field variations above the specimen surface. Instead, the electric potential above the specimen surface ðx; zÞ is found by solving Laplace's equation in two dimensions, i.e.,
which may be analytically soluble for specific cases of ÁV but, in general, must be numerically solved, for example, using finite-element methods [29, 33] . A family of electron ray trajectories is then traced through the resulting electric field E ¼ ðÀ@=@x; À@=@zÞ using a fourth-order Runge-Kutta method [24, 29, 34] . The incident electron paths start at z ¼ 0 with an equal spacing between rays of x 0 along the transverse x-axis (the vertical axis of Figure 1 ). The rays, initially traveling parallel to the z-axis, are traced through the turning region and back to the anode aperture. We then project back along the apparent straight-line paths of the emerging rays to the virtual image plane at z ¼ Áf þ 4L M =3, as shown Figure 1 . We simulate the MEM image intensity at this image plane by comparing the distance between two adjacent rays, i.e., sðx; ; Áf Þ, with the equal spacing expected for an equipotential flat specimen ÁV ¼ 0 [29] , i.e.,
Where initially adjacent rays cross ðs ! 0Þ, the intensity is theoretically infinite but, in practice, results in a region of very high intensity, creating a very bright region or caustic in the image [29] [30] [31] [32] [33] . Examples of caustics in experimental MEM images include [14, Figure 1 ], [15, Figures 1 and 3 ], [16, Figure 2 ], [24, Figure 1] , and [29, Figure 3 ].
Electric potential due to work-function variation
As a test object, we consider a spatial variation in work function that might, for example, correspond to separate surface phases. We take the surface potential of a flat specimen as
where the surface potential variation is
for points P and Q on the x-axis that act as the boundaries between regions with differing work functions, here taken as P ¼ À8:5 m and Q ¼ 1:5 m. Thus, in the region P x Q, the work function of the specimen differs by V 0 from the rest of the specimen. We consider the separate cases of V 0 ¼ À0:3 V and V 0 ¼ À0:1 V, which correspond to typical work-function differences between surfaces phases of GaAs [9, 36] . For this surface, we may solve Laplace's equation analytically via the technique in [27, 28] or numerically via finite-element methods [29] . The results of Figure 2 were obtained by solving Laplace's equation [see (10) ] above the surface in the region À50 m x 50 m and 0 L À z 120 m using the finite-element methods package FreeFem++ version 3.9-0 [37] , using mesh adaptation with an interpolation error level of 5 Â 10 À6 . The potential of the bottom boundary ðL À z ¼ 0Þ is given by (12) with V 0 ¼ À0:3 V or V 0 ¼ À0:1 V, and the potential of the top boundary is ðx; L À 120 mÞ ¼ À18; 800:376 V (as per [29] ). The calculated equipotential lines above the specimen surface in the vicinity of the boundary at x ¼ Q ¼ 1:5 m are shown in Figure 2 for the two cases of V 0 ¼ À0:3 V and V 0 ¼ À0:1 V. The first boundary at P is outside the field of view of Figure 2 and is far enough away that the MEM image contrast of the boundary at Q is not affected.
Caustic image simulations of work-function contrast
To simulate the MEM work-function contrast using the caustic imaging theory, we input 301 rays from x ¼ À1:125 m to x ¼ 5:625 m, which have an equal spacing at z ¼ 0 of x 0 ¼ 0:0225 m. These rays are traced through the electric field of Figure 2 to simulate the MEM image contrast in the vicinity of the boundary at x ¼ Q ¼ 1:5 m. The resulting family of rays on the virtual image plane at z ¼ Áf þ 4L M =3, which was obtained using a fourth-order Runge-Kutta method [29, 34] , is shown in Figure 3 . To facilitate comparison with the Laplacian imaging theory, we consider two distinct imaging conditions involving Bstrong[ and Bweak[ scattering from the work-function boundary. The electron beam is assumed to be monochromatic. surface. Where initially adjacent rays cross [e.g., the arrowed region in Figure 3(a) ], a caustic is formed, producing very bright image contrast. The caustics in Figure 3 (a) are classified as fold caustics [35] . Conversely, we consider weaker scattering from the V 0 ¼ À0:1 V boundary in Figure 3 (b), with U ¼ 19; 998:9 V, so that the unperturbed turning distance is ¼ 150 nm, and the electron beam turns around further from the surface. Here, the family of rays on the virtual image plane is less dominated by caustic features, and the distribution of rays on either side of the work-function boundary x ¼ Q ¼ 1:5 m is more symmetric.
Comparison of the geometrical, Laplacian, and caustic imaging theories
To compare the geometrical, Laplacian, and caustic imaging theories, we evaluate 1-D MEM image profiles of the work-function boundary defined by (12) and (13) for three values of defocus. Geometrical and Laplacian image simulations are based on (5) and (8), respectively. The caustic image simulations at a specific defocus value correspond to a horizontal section through the ray-trace plots displayed in Figure 3 . These are converted into intensity using (11), and we shall assume that this gives an accurate representation of experimental MEM images. Figure 4 (a)-(c) correspond to strong scattering with a work-function difference of V 0 ¼ À0:3 V and an unperturbed turning distance of ¼ 40 nm above the surface. It can be seen that the caustic imaging theory predicts a bright-dark band pair in the vicinity of the work-function boundary Q ¼ 1:5 m, similar to that of a surface step function [27, 38, 39] . The bright and dark bands reverse position as the defocus changes sign. While the geometrical and Laplacian imaging theories also predict a qualitatively similar bright-dark band pair, both theories overestimate the image contrast and do not match the predicted distance of the bands from the boundary at Q. In addition, the caustic imaging theory predicts strong contrast at zero defocus, whereas the geometrical and Laplacian imaging theories predict zero contrast. However, as defocus changes sign, both theories correctly predict a reversal of the bright and dark band positions.
To explain the differences between theories, we note that, in the geometrical and Laplacian imaging theories, the electron is always assumed to turn around at distance from the specimen, despite the stronger electric field in the region P x Q (see Figure 2 ) that would force the electron beam as much as 30 nm farther away from the surface. We can quantify this using (4) by evaluating the first derivative of the potential at z ¼ L M ¼ L À 40 nm and at the maximum expected turning point (from Figure 2 )
44, which is a significant variation in derivative. The z-motion assumption is therefore invalid, and the geometrical and Laplacian imaging theories allow the electron to penetrate too far into the electric field, overestimating the size of the field in the vicinity of the turnaround region and thus overestimating the image contrast for V 0 G 0. Conversely, we note that, in cases where V 0 9 0, the geometrical and Laplacian imaging theories will underestimate image contrast. The breakdown of the z-motion assumption is also responsible for the discrepancy between bright and dark band positions in the simulations.
Finally, we note that the differences between the Laplacian and geometrical simulations in Figure 4 (a)-(c) for strong scattering can also be explained by a failure to meet Laplacian imaging conditions. In particular, the upper limit of defocus [see (7) ] in this case is 17 m; thus, the condition of (7) cannot be fulfilled while still providing nonzero contrast [e.g., for jÁf j ¼ 10 m, as shown in Figure 4 (c), we have j@ 2
x Á e V B j ¼ 0:56 m À2 , which does not fulfill (6)]. Therefore, both the Laplacian and geometrical theories are quantitatively inaccurate due to a failure of the z motion approximation, and the two theories also differ with each other due to the inability to meet the Laplacian imaging conditions specified by (6) and (7). Figure 2 , the electric field in the vicinity of the electron turning region varies more slowly in x due to both the smaller change in work function and the increased turning distance from the surface. In this weaker scattering regime, there is much closer agreement between the geometrical, Laplacian, and caustic imaging theories in Figure 4 In particular, in Figure 4 (e), we see that the prediction of zero contrast at zero defocus in the geometrical and Laplacian theories is matched by the caustic imaging theory. Thus, the presence of strong contrast at zero defocus, such as in Figure 4(b) , is a clear indication that the z-motion assumption is invalid and that the image contrast may be poorly explained by the geometrical and Laplacian imaging theories.
We note that the conditions for Laplacian imaging given by (6), (7) , and (9) are all satisfied, explaining the good agreement between the Laplacian, geometrical, and caustic imaging theories in Figure 4(d)-(f) . Quantitatively, these conditions require that the defocus lies within the range of 19 m and well below 360 m. Within this regime, surface features may be recovered directly from MEM image contrast (see [27] ). We note that even outside the strict domain of validity of the Laplacian imaging theory, it still often remains useful due to the intuitive connection it draws between surface features and image contrast.
While the electron beam was assumed to be monochromatic, both the Laplacian and caustic imaging theories may be extended to include the effects of a finite energy spread [27] [28] [29] . For a Gaussian energy distribution with a full-width at half-maximum of 0.3 eV, the chromatically averaged image contrast was increased by as much as 7% due to the higher energy electrons turning very close to the surface. For the images of Figure 4 , this was a small effect and was omitted, but it may be important to include the effects of a finite energy spread at higher resolutions. 
Conclusion
We have applied the geometrical, Laplacian, and caustic imaging theories to simulate MEM contrast from a phase boundary associated with a discontinuity in work function. For a large work-function shift and an electron turning point close to the surface, the caustic imaging theory, involving full ray tracing, predicts an asymmetric bright-dark band in the vicinity of the boundary. The geometrical and Laplacian imaging theories lose quantitative accuracy compared with the caustic imaging theory in this strongly scattering regime, as the underlying assumption of unchanged electron motion in the z-direction (perpendicular to the specimen surface) is invalid. With a smaller work-function shift and a turning point further from the surface, the agreement between all theories is much closer. The Laplacian imaging theory is particularly useful in this weak scattering regime because of the intuitive connection it draws between surface features and image contrast, which may also be exploited to directly recover surface features from experimental images.
